Introduction
This research project was funded by the German Academic Exchange Office (DAAD) and the National Science Foundation (NSF). Our project partner was Prof. Ravi Janardan (Department of Computer Science, University of Minnesota, Minneapolis). Initially, funding was given for the years 1998 and 1999. Then the project was extended to the year 2000.
In this report, our original project description and goals will be described. Then, I will present the results obtained by us in the years 1998-1999 and 2000, in separate sections. All publications will be listed in one bibliography.
The following people were involved in this project.
University of Magdeburg
• Jörg Schwerdt • Michiel Smid
University of Minnesota
• Man Chung Hon
• Ivaylo Ilinkin The StereoLithograpy Apparatus.
Original project description and goals
Rapid Prototyping and Manufacturing (RP&M) is an emerging technology which is used extensively in the automotive, aerospace, and medical industries. The basis of this technology is Layered Manufacturing, a technique that allows one to build a physical prototype of a 3D object from a (virtual) polyhedral CAD model, by orienting and slicing the model with parallel planes and then manufacturing the slices one by one, each on top of the previous one.
RP&M accelerates dramatically the time it takes to bring a product to the market because it allows the designer to create rapidly a physical version of the CAD model (literally on the desktop) and to "feel and touch" it, thereby detecting and correcting flaws in the model early on in the design cycle.
One specific method of Layered Manufacturing is StereoLithography, which dominates the RP&M market. The input to the StereoLithography process is a surface triangulation of the CAD model in a format called STL. The triangulated model is oriented suitably, sliced by xy-parallel planes, and then built slice by slice in the positive z direction, as follows:
In essence, the StereoLithography Apparatus consists of a vat of photocurable liquid resin, a platform, and a laser. (See Figure 1. ) Initially, the platform is below the surface of the resin at a depth equal to the slice thickness. The laser traces out the contour of the first slice on the surface and then hatches (i.e., fills) the interior, which hardens to a depth equal to the slice thickness. In this way, the first slice is created and it rests on the platform. Next, the platform is lowered by the slice thickness and the justvacated region is re-coated with resin. The second slice is then built in the same way. Ideally, each slice after the first one should rest in its entirety on the previous one. In general, however, portions of a slice can overhang the previous slice and so additional structures, called supports, are needed to hold up the overhangs. (See Figure 2. ) Supports are generated automatically during the process itself. For this the CAD model is analyzed beforehand and a description of the supports is generated and merged into the STL file.
Once the solid has been made, it is postprocessed to remove the supports. Additional postprocessing is often necessary to improve the finish, which has a stair-stepped appearance on certain surfaces due to the non-zero slice thickness used.
A key step in Layered Manufacturing is choosing an orientation for the model, i.e., the build direction. Among other things, the build direction affects the quantity of supports used and the surface finish-factors which impact the cost, speed and accuracy of the process.
In current systems, the build direction is chosen by the human operator, based on experience, so that the amount of supports used is "small" and the surface finish is "good". Our goal was to design and implement efficient computer algorithms that optimize these criteria automatically and, as a result, lessen the need for human intervention.
The following papers, written before this project started, contain our initial work in this area.
• J. Majhi, R. Janardan, M. Smid, P. Gupta. On some geometric optimization problems in layered manufacturing. 
Results obtained in the period 1998-1999
The time to manufacture a model is proportional to the number of layers. Hence, choosing a build direction for which the building time is minimum is equivalent to computing the so-called width of the polyhedron, which is defined as the minimum distance between any two parallel planes such that the polyhedron is between them. In 1988, Houle and Toussaint designed an algorithm which computes the width in O(n 2 ) worst-case time. This algorithm leads to interesting geometric problems such as three-dimensional convex hulls, computing intersections between line segments, and point location. The latter two problems have to be solved on the unit-sphere rather than in the two-dimensional Euclidean plane. We have implemented a variant of the algorithm of Houle and Toussaint, and have done extensive experiments on both random data and polyhedral models obtained from Stratasys, Inc, a Minneapolis company which specializes in the production of consumer and industrial products using Layered Manufacturing techniques. An extended abstract of the results appeared in [1] . The full paper [2] has been published in a special issue of the ACM Journal of Experimental Algorithmics. A complete documentation of the program appears in [3] .
Discussions with engineers from Stratasys yielded the following problem: Given a three-dimensional polyhedral model, and given a facet of this model, compute a description of all build directions for which this facet is not in contact with supports. We have designed and implemented an algorithm for this problem that is time-optimal in the worst-case. Again, the algorithm uses interesting algorithms for objects on the unit-sphere; in this case, we have to compute the boundary of the union of a collection of spherically convex polygons. From a theoretical point of view, this problem is relatively easy to solve. However, because of the many special cases that can-and dooccur, it is extremely difficult to obtain a robust and correct implementation of the algorithm. We have tested the program both on artificial data, and on polyhedral models obtained from Stratasys. A preliminary version of the theoretical aspects of our algorithm appeared in [4] , whereas the full paper [5] appeared in the journal Computational Geometry: Theory and Applications. The implementation aspects of the algorithm appear in [6] .
Another important problem is to compute support structures quickly for a given direction. Algorithms currently used in industry compute these during the slicing process, by taking the Boolean difference of successive layers. This is slow and also unsatisfactory because it does not produce a combinatorial description of the supports as a collection of disjoint polyhedra. In his Master's thesis at the University of Minnesota (our collaborating partner in this project), Eric Johnson [7] has developed and implemented two algorithms for this problem using advanced techniques from computational geometry. These algorithms will eventually be used as part of a subroutine to approximate the optimal supports for the input polyhedron.
Results obtained in the year 2000
In the original proposal, we planned to design algorithms that minimize the quantity of supports for arbitrary (i.e., not necessarily convex) polyhedra. Before this project started, we had already considered the two-dimensional variant of this problem. (See the references mentioned in Section 2.) The techniques we have developed for this case have been generalized to solve the three-dimensional version. The result is an algorithm that has to solve O(n 6 ) highly non-linear optimization problems. Each such problem is to minimize a sum consisting of O(n 2 ) terms, which are functions of a direction d, which is considered as a point on the unit-sphere. Each term in this sum is a quotient of two polynomials in d of degree six. Moreover, this sum has to be minimized over all directions d contained in a portion of the unit-sphere that is bounded by O(n 3 ) quadratic curves. From a theoretical point of view, it is not clear at all if this optimization problem can be solved in polynomial time. Hence, this gives strong reasons to believe that the problem of minimizing the quantity of supports is inherently difficult. The details appear in the Ph.D. thesis 1 of Jörg Schwerdt [13] , who is involved in this project. Our work in the first two years implied that most algorithms that are used to solve problems in Layered Manufacturing operate on objects that are on the unit-sphere. Therefore, in order to obtain not only theoretical results but also useful implementations, it was important to design a good software library containing basic algorithms that can deal with spherical objects. We have developed such a library that contains basic objects such as directions, great arcs, and polygons. It also contains clean implementations of basic primitive operations, such as deciding on which side of a great arc a given direction is, as well as non-trivial programs for computing spherical convex hulls and the union of simple spherical polygons. This library is described in detail in the Ph.D. thesis [13] of Jörg Schwerdt. It is based on LEDA 2 and will appear as an LEP, i.e., a LEDA extension package 3 . We have rewritten our program for computing the width of a polyhedron 4 so that it uses this LEP. The resulting program is much cleaner and, therefore, easier to understand and maintain. This program will also be available soon as an LEP.
As I described in Section 2, in Layered Manufacturing, a three-dimensional object is built by slicing the polyhedral representation into layers, which are then built successively using a technique called hatching. This hatching process depends on the specific technology. In StereoLithography, a laser first traces out the polygonal contour of the layer, and then fills the interior, by following paths along equally-spaced parallel lines and hatches all segments on these lines that are contained in the polygon defined by the contour. Each segment that is hatched by the laser has a fixed width. If we assume that these lines are horizontal, then we can think of this hatching process as covering the polygonal layer with axes-parallel rectangles having a fixed height. The time needed to hatch the entire layer heavily depends on the number of rectangles (i.e., the number of segments that are hatched by the laser) that cover the layer. Hence, by choosing another direction for the parallel lines, i.e., the hatching direction, the number of hatched segments may be substantially smaller.
In [8] , we give an algorithm that computes an optimal hatching direction. This algorithm is conceptually simple, but a large number of case distinctions are necessary. Therefore, we also developed a heuristic that can be used to approximate the optimal hatching direction. This heuristic is much simpler to implement, and, as our experiments confirmed, also much faster. Our experiments also implied that the quality of the heuristic is very good in practice. Note that even though the algorithm of [8] is slow, it solves the problem exactly. Without it, we would not have been able to test the quality of the heuristic. This heuristic is described in [9] , and in the Master's thesis [11] of Man Chung Hon, who graduated in 2000 at the University of Minnesota. A summary of our work on the hatching problem appears in [10] .
In the final stage of the project, we investigated a new approach for improving the performance and versatility of Layered Manufacturing. Conventially, the polyhedral object is considered as a single, monolithic object. By contrast, we propose to decompose the object into a small number of pieces, build each piece separately, and then glue the pieces together to obtain the physical protoype. First, this approach allows large models to be built quickly in parallel, and also lends itself naturally to applications where the model needs to be built as several pieces, such as in the manufacturing of mold halves for injection molding. Second, in this way, the quantity of supports used can be much smaller than by using the conventional approach. Initial results on this problem appear in [12] , where we give an algorithm for choosing a decomposition plane that cuts the polyhedron into "few" pieces, such that the sum of the supports requirements for them is minimized. We plan to investigate this problem further in the near future.
